Motivated by a number of recent investigations, we consider a new analogue of Bernstein-Durrmeyer operators based on certain variants. We derive some approximation properties of these operators. We also compute local approximation and Voronovskaja type asymptotic formula. We illustrate the convergence of aforementioned operators by making use of the software MATLAB which we stated in the paper.
Introduction
In approximation theory, the use of quantum calculus ( -calculus) has gained momentum in the last decade. In the year 1987, Lupaş [1] pioneered the work on -versions of the Bernstein polynomials. After ten years, Phillips gave anothervariant of Bernstein polynomials. Since then, numerous operators have been generalized to their quantum variants and their approximation behaviours have been studied; we indicate the recent books [2, 3] on this topic. Also, see [4] [5] [6] . Lately, the further generalization of -calculus, namely, the postquantum calculus, symbolized by ( , )-calculus has become very contributing. In [7] , Mursaleen et al. proposed the ( , )-variant of Bernstein polynomials, which was further improved in [8] . Further, generalizations of ( , )-Bernstein polynomials are due to Kantorovich and Durrmeyer, which were, respectively, studied in [9, 10] . Many papers pertaining to approximation theory and special functions have been presented recently (cf. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ). The first -variant and ( , )-variant of Bernstein-Durrmeyer operators were given in [22] and [10] , respectively. For postquantum calculus, some basic theorems and definitions are as follows (cf. [10, [23] [24] [25] ). 
It has been observed that [ ] , = −1 [ ] / . By this identity, the results obtained in ( , )-calculus cannot be obtained directly from -calculus.
The ( , )-binomial coefficient is known as
where
The ( , )-analogue of ( − ) is defined by
is ( , )-analogue of Gamma function. The ( , )-analogue of derivative of a function is defined by
In the case when = 1, the ( , )-derivative reduces to known -derivative. Like -derivative, ( , )-derivative has the following properties which are product rules for two functions:
Let be an arbitrary function and ∈ R. The ( , )-integral of ( ) on [0, ] (see [24] ) is defined as
Let , ∈ N, the ( , )-Beta function of first kind be given by
The ( , )-Gamma and ( , )-Beta functions satisfy (see [10] )
where , ∈ N.
In the present article, we extend the studies of [10] and discuss their ordinary approximation properties. These include direct estimates in terms of modulus of smoothness and Voronovskaja type asymptotic formula. Moreover, the convergence behaviour is shown graphically using MATLAB.
( , )-Durrmeyer-Stancu Operators and Moments
The -Durrmeyer operators were considered in [22] and also studied in [26] . Inspired by the work of [10, 27] , we consider the postquantum Stancu variant of the eminent Durrmeyer operators. The ( , )-analogue of Durrmeyer-Stancu operators for ∈ [0, 1], 0 ⩽ ⩽ and 0 < < ⩽ 1 is defined as
This type of generalization may be useful because of its flexibility and approximation behaviour may differ for different values of and . For = = 0, we observe that these operators reduce to the one given in [10] .
Lemma 1 (see [28] ).
we have the following recurrence relation:
Further,
, , ( 3 , )
Abstract and Applied Analysis
Lemma 2. For ∈ [0, 1], 0 < < ⩽ 1, we have 
Proceeding along the lines of [ [10] , Lemma 3.1] and using the linearity property of the operators (11) , the result follows immediately. We omit the details.
Abstract and Applied Analysis
Then, the central moments are given as follows: 
The proof follows immediately by applying Lemma 2. 
Direct Estimates
where > 0 and norm-‖ ⋅ ‖ denotes the uniform norm on [0, 1]. Following the acclaimed inequality owing to DeVore and Lorentz [29] , there exists a constant > 0, such that
where the second-order modulus of smoothness for
The usual modulus of continuity for ∈ [0, 1] is defined as
Our prime result is the subsequent local theorem.
Theorem 6. Let > 3 be a natural number and 0 < < ⩽ 1.
Then, there exists a constant
Then, using Lemma 2, we immediately get
6 Abstract and Applied Analysis Using Taylor's formula
Thus, Lastly, in view of (33), we have
The theorem is hence proved. Figure 2 . It may be observed that this shows the convergence for the operators defined in [10] .
Example 9. We compute the error of approximation for the operators , , , ( , ) depending upon the parameters and at certain points from [0, 1] as shown in Table 1 . We consider = 100, = 0.5, = 0.4, and ( ) = 9 − 6 − 3 2 .
Remark 10. It may be observed from the above example that we may get better convergence depending upon the flexible values of and . This is one of the reasons for discussing operators (11) .
We now present the Voronovskaja type asymptotic formula. 
Proof. Employing Taylor's expansion of , we get .
The purpose of this study is to obtain approximation properties of the bivariate generalization of ( , )-BernsteinDurrmeyer operators defined by (11) . We may discuss the properties elsewhere.
Conclusion
In the paper, we have proposed Bernstein-Durrmeyer type operators based on some certain variants. In the case when = = 0, our operators reduce to the acclaimed one as defined in [21] . We have derived some approximation properties of Bernstein-Durrmeyer type operators. From those properties, we have estimated its local approximation and Voronoskaja type asymptotic formula. Finally, we have shown some comparisons and illustrative graphs for the convergence of these operators by using the software MATLAB.
